
SIMILAR SOLUTIONS OF BOUNDARY LAYER EQUATIONS IN THE PRESENCE 
OF A MAGNETIC FIELD 

I. Pop 

I n z h e n e r n o - F i z i c h e s k i i  Zhurna l ,  Vol. 15, No. 1, pp. 134-138,  1968 

UDC 532.517.2: 538.249 

The author investigates the problem of a plane boundary layer in a 
viscous incompressible fluid with high conductivity in the presence 
of a magnetic field. The class of potential flows for which the system 
examined in [1] reduces to an ordinary system is determined. 

In [1] M. V. Belubekyan suggested a method of r e -  
ducing the non l i nea r  sy s t em of pa r t i a l  d i f ferent ia l  
equat ions  of a boundary  l aye r  in the p r e s e n c e  of a 
magnet ic  field to o r d i n a r y  d i f ferent ia l  equat ions .  Be lu -  
bekyan ' s  method is based  on the expansion in powers  
of x of the p a r a m e t e r  c h a r a c t e r i z i n g  the p r e s s u r e  
g rad ien t  c~ (x) = x(dU/dx) /U.  

Noting that  a (x) may  have the form 

a + b x  
O,(X) ~ -  , 

1 -+ cx 

we wil l  de t e rmine  the c lass  of potent ia l  mot ions  for 
which the s y s t e m  cons ide red  by Belubekyan reduces  
to an o r d i n a r y  sys tem.  This  method can be extended 
to the case  when a (x) is exp re s sed  as the ra t io  of two 
po lynomia l s .  

Boundary  l aye r  equat ions .  As in [2] and [3], we wil l  
cons ide r  a v i scous  i n c o m p r e s s i b l e  conduct ive fluid 
with high e l ec t r i c a l  conduct ivi ty .  Moreover ,  we a s -  
sume that:  a) the mot ion is  plane,  b) the applied e l e c -  
t r i c  field E is  equal to zero ,  c) the magnet ic  field H 
is  applied in the plane of mot ion  and at inf ini ty  is 
pa ra l l e l  to the veloci ty  of potent ia l  mot ion.  

With these  a s sumpt ions  the equat ions  of the s t a -  
t i ona ry  boundary  l aye r  take the f o r m  [1] 

Ou Ou dU v O~u- § 
Ox Oy dx Of  

~ ( n OHx ohm" I 
4n 9 \ Ox -4- H u - ~ - /  , 

uH~ - -  vii,, - 1 O G  

4n~ Oy 

Ou Ov OH~ + OHy = 0 .  (1) 
oG + --o-j : o, a~-~ o-T 

System (1) m u s t  be in tegra ted  with the following 
boundary  condi t ions:  

u = v = t t y = O  for y = 0 ,  

H0 u--+U(x), H,:-+~=-U(x) for y-,-oo. (2) 
v 0  

In these  equat ions the coordina te  x is  taken in the 

plane of motion, and the coordinate y normal to that 
plane. 

We set 

o, o~ 
Oy 3x 

OA OA 
H . - -  , Hy--  , (3) 

Oy Ox 

and make the change of va r i a b l e s  

x : : x ,  ~l = g v | / ~ . ~ '  f (x, ~) :- T f /  v xU , 

g(x, n ) = A  /(H~_ f~xU ). (4) 

Using the d i f ferent ia t ion  fo rmulas  

0 [ 0 ~  l a - - 1  0 
Ox I O~-) + 2 x ~1 Or I , 

o~ = V=; o ~ ' (5) 

where  

dv / ~(x) = x  ~ x  u, (6) 

we obtain the following system of equations: 

2 - 0"f 
0~q 3 

+ f O~f _ ~2 g O~g 

- 0~2 0~1 ~ + 

+ .  (~) {t ~ 2 ( a l  /~ . 2 . -  
0~ ~ \ 0 ~  ) ' 

[ o~g_2(og)~ j 
= 2 x [  Of O2f Of Ozf 

OxO "q Ox O 11 ~ 

_~(a~  a~ ag o'g)l ' 
Ovl OxO~ Ox O~}~ ] 

2 a~g § # ag a/ 

of 
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Table  

F o r m s  of U(x) and a (x) for Se l f -S imi la r  Motions 

dU / 
U ( x ) .  a(x)=X--dx / U Values of a, b, e 

x 
l - - x  

l + x  

(1 - -  x)" 

(1 +x)" 

1 

1--x 
1 

l + x  
1 

(! - -  x)" 

I 

(1 + x) n 

e- -&v 

etLV 

X - -  X 2 

x +x'Z 

| - - x  

x 

l + x  
r tx  

1 - - X  

n x  

l + x  
x 

1 - - x  

x 

l + x  
f i x  

1 - - x  

t zx  

1 + x 

- -  n x  

n x  

1-- 2x 
l - - x  

I +2x 
l + x  

a~O,  b = - - l ,  c = - - I  

a=O, b : - l ,  c = l  

a : O ,  b = - - n ,  c = - - I  

a=O, b--n ,  c = l  

a=O, b : l ,  c = - - I  

a=O, b = - - l ,  c : l  

a=O, b = n ,  c = - - I  

a = O ,  b ~ - - n ,  c : l  

a~O,  b = - - n ,  c==O 

a=O, b : n ,  c=O 

a = l ,  b = - - 2 ,  c = - - I  

a = l ,  b : 2 ,  c = l  

Ox 0 TI Ox ' 

f _  O f - - 0 ,  g = O  for ~1=0, 

O[ 1, Og -+1 for q--,-oo. (7) - - - -  ~ 

on on  

Solution of sy s t em (7). We will  solve sys t em (7), 
noting that a (x) can be expressed  in the form 

a(x) - -  a + b x  (8) 
1 + c x  

The method by m e a n s  of which it is  poss ib le  to 
se lec t  the veloci ty  of potent ial  motion U(x), for which 
oe(x) is  expressed  in the fo rm (8), and hence for which 
the motion in the boundary  l ayer  is  s e l f - s i m i l a r ,  is  
i l l u s t r a t ed  in the table .  

We subst i tu te  ra t io  (8) into sys t em (7) and find i ts  
solut ion in the form of a s e r i e s  in powers  of x: 

/ (x, n) = fo (n) + xh  (n) + x% (n) + .... 

g (x, ~1) = go (n) -t- xg~ 01) + x~& (n) + .... (9) 

Then for de t e rmin ing  the funct ions fo ,  go, f l ,  gl, etc. 
we obtain the following sy s t ems  of equat ions:  

a + l  ,, 
:o" + 2 - - f o f o  - -  a (fO - -  1) - -  

l - a + l  a 7 
- ~  [ - 2 - - g o g o -  (go" - ~) j = o, 

1 a + l  
Pr---7-go -; - - ~  ( logo-  go[O) = O; (1 O) 
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a + l  
:;'" + - - 2 -  foil - (Ca + 1) :o f; + 

a-- '  3 . . .  f a + l .  ,, 
:or.-p' 

a + 3 ,  -1 
- - (2a ,2_ l)gog; + ~22__gogtj __ 

= b [ to' i fo[o _ t _ 

\ 

n2 i o -,.(1-.o 
1 a - 4 -  I o, , a - + - 3  

Pr.~ g7 + ~ - -  (fo~, i - -  go:,) + - - f -  (gOfl - -  :of,) = 

tIC 

= b 2  (/ogo - goto) + --~- (:ogo - go:a),  (11) 

The boundary  condit ions for sy s t e ms  (10) and (11) 
a re  as follows: 

:o = go = f~ = g~ . . . . .  o, : ;  = : i  : . . .  = o 

for ~1=0, 

:~-~1, g g ~ l ,  : i = g l  . . . . .  0 for 11-~co. (12) 

We note that sys tem (10) is  non l inea r ,  and i ts  
solut ion depends on the value of a (a = 0 for  a flat  
plate without a p r e s s u r e  gradient  and a = 1 for a cy l -  
inder) .  These  equat ions  coincide with the equat ions 
obtained by Belubekyan [1] for  the case of s e l f - s i m i l a r  
mot ion U(x) = kx a. We also note that the z e r o - o r d e r  
approx imat ions  fo and go a re  independent  of the con-  
s tants  b and c, but  depend on the value of a. Conse-  
quently,  they a re  o r d i n a r y  funct ions,  whereas  the func-  
t ions f l  and gl a re  not expressed  by o rd ina ry  funct ions ,  
s ince  they contain the constants  b and c. However,  for  
a ce r t a in  value of a these funct ions can be expressed  in 
t e r m s  of o rd ina ry  funct ions,  if we se l ec t  the solut ion of 
sy s t em (11) in the fo rm [4] 

:~ (n) = b& (n) + ch~ (% 

g~ (n) = bg~ (n) + ce~. (n). (13) 

Thus,  f rom (11), with (13) in mind,  we obtain the 
following sys t em of o r d i n a r y  inhomogeneous  d i f fe r -  
ential  equat ions:  

a +  1 . a + 3 ~,,~ 
:;" + - 7 -  :o:, - (2a + 1)/~ t; + ~ -  , o .  - 

. ~ [ a +  1 
- p / - ~ g o < ' - ( ~ +  1 ) g ~ <  + 

k Z  

a + 3gog ~ I = Ai' 
+ 2 



a + l  
g; + T (fog; - gd;) + 

Pr m 

+ a + 3 (fog~ + t ,e;)  = B~; (14) 
2 

f, (o) = g~ (o) = / ;  (o) . . . . .  0, 

]~; (oo) = g ;  (cr . . . . .  O. (15) 

H e r e ,  the  s u b s c r i p t  i denotes  11 o r  12, and 

.~ 1 , ~ ~ 1 
An-b  fo - - ~  fofo--1-- (go ---~ gogo -1 )' 

AI~ = 

= a 1 - -  [o0 -b T fofo - 1 - go" -~  - 2  gogo , 

1 , a 
B ~  = y (logo - glto), B~ = ~ (foe; - eofo). 

It fo l lows f r o m  s y s t e m  (14) that  the  equat ions  for  
( l e te rmin ing  the funct ions  f i l  and gll  co inc ide  with  the 
equat ions  obta ined  by Belubekyan [1]. Since the func-  
t ions fo(rT), g0(~), f l l (~) ,  gll(~), e tc .  can be  t abu la ted  fo r  
v a r i o u s v a I u e s  of a, we can  d e t e r m i n e  u, v, Hx, Hy, etc .  
We have 

u = U ( x ) / f 0 ( n )  + x[bf;1 (n) + 4;2(n)1 + ..}, 

H~ = H 0  U(x) {g;(n) ~ xtbg;,(n) +cg',2(n)] + ] (16) 
U0 

NOTATION 

u and v a r e  ve loc i t y  componen t s  along x and y; H x 
and Hy a r e  componen t s  of the magne t i c  f ie ld ;  p is  the 
dens i ty ;  v is  the v i s c o s i t y ;  ~ i s  the e l e c t r i c a l  con-  
duc t iv i ty  of the  f luid;  Uo and H o a r e  the ve loc i ty  and 
magne t i c  f ie ld  s t r e n g t h  at inf ini ty;  U(x) and (Ho/Uo)U(x) 
a r e  the v e l o c i t y  and m a g n e t i c  f ie ld  s t r e n g t h  at the ou te r  
edge of the  bounda ry  l a y e r ;  $ i s  the s t r e a m  function; 
A i s  the component  of magne t i c  f ie ld  v e c t o r  po ten t ia l  
p e r p e n d i c u l a r  to the  plane of mot ion;  /32 = H~/47rpU~ 
is  the Alfv~n number ;  P r  m is  the  m a g n e t i c  P r a n d t l  
number ;  a ,  b, c,  and k a r e  cons t an t s .  
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